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In this paper the normalizer problem of an integral group ring of an arbitrary
group G is investigated. It is shown that any element of the normalizer 1 G of G
in the group of normalized units 1G is determined by a ﬁnite normal subgroup.
This reduction to ﬁnite normal subgroups implies that the normalizer property holds
for many classes of (inﬁnite) groups, such as groups without non-trivial 2-torsion,
torsion groups with a normal Sylow 2-subgroup, and locally nilpotent groups.
Further it is shown that the commutator of 1 G equals G′ and 1 G/G is
ﬁnitely generated if the torsion subgroup of the ﬁnite conjugacy group of G is
ﬁnite.  2002 Elsevier Science
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Let G be a group and G its integral group ring. Denote by 1 =
1G the group of normalized units of G. Until recently a long standing
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problem was (Problem 43 in [20])
1G = G1 NP
that is, the normalizer of G in 1 is G1, where u1 is the centre
of 1.
This normalizer property (NP) has been proved in the afﬁrmative for
many classes of ﬁnite groups [1, 3, 5, 8, 9, 11, 12, 16]. For inﬁnite groups
much less is known: Mazur [15] proved (NP) for any torsion free group and
in [11] some special classes of inﬁnite groups were dealt with.
For ﬁnite groups, Hertweck [3, 4] recently announced a counter example
to (NP) and to the isomorphism problem. These two problems are closely
related, as shown by Mazur [13–15], Hertweck [3, 4], and Jespers and Juri-
aans [6]. For example, in [6] it is shown that the isomorphism problem holds
for the direct product N ×A of a ﬁnite group N and a non-trivial ﬁnitely
generated free abelian group A if and only if both the normalizer conjec-
ture and the isomorphism problem hold for N . The approach followed in
[6] is to link the isomorphism problem for N ×A (or more generally for
a semi-direct product NA) to a representation theorem of central units
proved by Jespers et al. [7].
In this paper we continue the investigations on the normalizer of an arbi-
trary group in the unit group of its integral group ring. The main point here
is that there also exists a representation theorem for normalizing units; that
is, units in the normalizer are up to a trivial unit determined by a unit in
the group ring of a ﬁnite normal subgroup. As an indication of the impor-
tance of this result we show as an application that the normalizer problem
has an afﬁrmative answer for several large classes of inﬁnite groups. We
note that in [15] a weaker representation theorem is proved. However, it is
not strong enough to prove the applications included in this paper.
The paper is organized as follows. First we prove our representation
theorem for normalizing units. The ﬁnite conjugacy centre of a group G is
denoted G and its torsion subgroup by +G.
Theorem 1 (Representation Theorem). Let G be an arbitrary group. If
u ∈ 1G then there exists g ∈ G so that g−1u ∈ G+; that is, u = gw
for some w ∈ N , with N a ﬁnite normal subgroup of G.
Moreover, w induces an automorphism ϕ of order a divisor of 2N. In case
N is odd, then ϕ is inner on G.
Next we give some consequences on the structure of the normalizing
group 1G. In the last section the normalizer problem is shown to hold
for several large classes of groups. In each case the proof heavily relies on
the representation theorem. Since it is not our aim to include all possible
applications, we restrict our attention to three classes of groups.
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Theorem 2. Let G be a group. Then 1G = G1G provided
G belongs to one of the following classes:
(1) groups so that +G is without trivial 2-torsion,
(2) periodic groups with a normal Sylow 2-subgroup,
(3) locally nilpotent groups.
Finally, we ﬁnish with a result that gives in some sense an induction
argument on the normalizer problem. This method is then applied to show
that (NP) holds for ﬁnite conjugacy groups with commutator subgroup a
p-group.
1. REDUCTION TO FINITE GROUPS
As in [15], we begin our investigations with a remark which is basically
used in the proof of Coleman’s result.
For an element u = ∑g∈G ugg (each ug ∈ R) in a group ring RG over
a ring R we denote by suppu the support of u, that is, the set g ∈ G 
ug = 0.
Lemma 1.1. Let G be a group and let R be a ring with a unit. If u ∈
RGG then σ  G→ Symsuppu  g → σg is a group homomorphism,
where σgh = ghu−1g−1u.
If moreover, 1 ∈ suppu, then Kerσ = Gsuppu, the centraliser of
supp(u) in G. Hence G/Gsuppu is embedded in Sym(supp(u)) and
thus (since G is an invariant subgroup of G) u ∈ RGRG.
Proof. Let X = suppu. Write u = ∑x∈X uxx with each ux ∈ R. For
each g ∈ G there exists gu ∈ G so that
∑
x∈X uxgx =
∑
x∈X uxxgu. Hence
for every x ∈ X there exists a unique σgx ∈ X so that gx = σgxgu.
Therefore σg  X → X deﬁned by σgx = gxg−1u = gxu−1g−1u is a
permutation on X. Also
σg1g2x = g1g2xu−1g1g2−1u
= g1g2xu−1g−12 uu−1g−11 u
= g1σg2xu−1g−11 u
= σg1σg2x
Hence σg1g2 = σg1 ◦ σg2 . So the map σ  G→ SymX  g → σg is a group
homomorphism.
Note that g ∈ Kerσ if and only if gxu−1g−1u = x for all x ∈ X, or equiv-
alently, x−1gx = u−1gu for all x ∈ X. Now assume that 1 ∈ X. Then we
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obtain g = u−1gu and thus x = σgx = gxg−1 for all x ∈ X. Hence
g ∈ GX. This proves that Kerσ ⊆ GX. The converse inclusion is
obvious.
Next we list a few well known results about the normalizer. As explained
in the previous proof, the support of an element is crucial. So if one
goes carefully through the proof of Coleman’s result (see, for example,
Theorem 9.1 in [20]) one gets the third part of the following proposition.
For the last part of the statement we include a simple proof. Proofs for
parts (1) and (2) can also be found in [20].
Recall that by ∗ we denote the -linear involution on the group ring G
deﬁned by g∗ = g−1.
Proposition 1.2. Let G be an arbitrary group.
(1) u ∈ 1G if and only if u∗u ∈ G.
(2) (Krempa) If u ∈ 1G then u2 = g0u∗u ∈ GG, for some
g0 ∈ G; i.e., the automorphism on G determined by conjugation by u2 is inner
in G.
(3) (Coleman) If p is a prime number and P a p-subgroup of G, then
for any u ∈ 1G there exists x ∈ suppu so that u−1gu = x−1gx for any
g ∈ P .
(4) (Jackowski and Marciniak [5]) Condition (NP) holds for any ﬁnite
group with a normal Sylow 2-subgroup.
(5) (Marciniak and Roggenkamp [12] and Mazur [15]) If u ∈ 1G
and un ∈ G for some positive integer n, then u ∈ G.
Proof. So we only prove the fourth part. Let u ∈ 1G and un = g ∈
G for some positive integer n. Since u ∈ 1G we know that u∗u = uu∗.
Because un ∈ G we thus get u∗un = un∗un = g−1g = 1. Hence u∗u
is a periodic central unit and thus u∗u ∈ G. Write u = ∑g∈G ugg with
each ug ∈ . So the coefﬁcient of 1 of u∗u is
∑
g∈G u2g = 0. It follows that
u∗u = 1 and thus u ∈ G.
For G a ﬁnitely generated nilpotent group, it is shown in [7] that cen-
tral units in G have a presentation of the form gv with g ∈ G and
v ∈ +G. As mentioned in [6] this result remains valid for groups
G in which the torsion elements form a subgroup T G and G/T G is
an ordered group, and hence it is readily shown that it also holds for any
group (see also [17]).
We will show that for any groupG the elements of the normalizer 1G
also have a presentation of the form gv with g ∈ G and v ∈ N with N
a ﬁnite normal subgroup of G. For this we ﬁrst need to prove the following
lemma. The main line of the proof is similar to that in [7] but there are
more technical hurdles to be overcome.
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Lemma 1.3. Let G be a ﬁnitely generated F.C.-group. If u ∈ 1G, then
(1) um ∈ 1G for some positive integer m;
(2) u = gw for some g ∈ G and w ∈ 1+G.
Proof. Let u ∈ 1G. Because of Proposition 1.2, u2 = gv for some
g ∈ G and v ∈ 1. Since G is a ﬁnitely generated F.C.-group, G 
G = m′ <∞. Hence um ∈ 1G with m = 2m′.
Put T = +G. Since G/T is a ﬁnitely generated free abelian group,
there exists a transversal S of T in G such that g ∈ S iff g−1 ∈ S. Since G/T
is an ordered group, S inherits the order from the natural identiﬁcation of
S and G/T . Write
u = ∑
f∈S
uf f and u
−1 = ∑
f∈S
wf f
−1 (1)
with uf wf ∈ T . Clearly u normalizes T , so uT = Tu, and conse-
quently ufT = Tuf for all f ∈ S. Let E be the set of central primitive
idempotents of T . For e ∈ E set Ie = f ∈ S  euf = 0. If f ∈ Ie
then uf eT = eTuf = eT , since it is a non-zero ideal of the simple
algebra eT . Consequently, euf is a unit of eT .
Note that G acts on E by conjugation. We claim that Ie = Igeg−1
for all e ∈ E and g ∈ G. In fact, note that gug−1 = ut−1 for some t ∈ T .
Thus
∑
f∈S
geg−1uf f = geg−1u = geug−1t =
∑
f∈S
geuf g−1gfg−1t
and therefore
∑
f∈S
geg−1uf f =
∑
f∈S
geuf g−1tf f t
= ∑
f∈S
geuf g−1tf ftf−1f
where tf ∈ T for each f ∈ S. It follows that, for each f ∈ S geg−1uf =
geuf g−1ftf−1. In particular, for each f ∈ S geg−1uf = 0 iff euf = 0.
Since u is a unit it is clear that for each e ∈ E the set Ie is non-empty.
We now show that each Ie consists of exactly one element which will be
denoted by f e. Let k and l be the smallest and the largest elements of
Ie, respectively. Let r be the largest element such that ewr = 0 and let
s be the smallest element such that ews = 0. Since Ie = Igeg−1, for
each g ∈ G, the values of r, s will not change if we replace e with any
G-conjugate of e. Write kr−1 = t1m and ls−1 = t2n for some t1 t2 ∈ T and
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mn ∈ S. By (1), in the sum
e = euu−1
= ∑
f h∈S
euf fwhf−1fh−1 (2)
= ∑
f h∈S
euf f f−1efwhf−1fh−1
m is the smallest element which appears with a non-zero coefﬁcient
eukekwrk−1t1 (it is non-zero since both euk and ekwrk−1 =
kk−1ekwrk−1 are units in eT ) and n is the largest element with
non-zero coefﬁcient eulelwsl−1t2. Thus m = n = 1 and consequently
k = l = r = s = f e. Consequently,
eu = euf ef e and eu−1 = ewf ef e−1
Since u =∑e∈E eu, we have
uf =
∑
e with f e=f
euf and wf =
∑
e with f e=f
ewf 
Since the primitive idempotents are orthogonal and the sets e ∈ E  f e =
f are G-stable, we have ufuh = 0 and ufgwhg−1 = 0 = gwhg−1uf for all
f = h ∈ S and all g ∈ G. Therefore,
1 = uu−1 = ∑
f∈S
uf fwf f
−1 (3)
Thus, for any f ∈ S we have uf = uf fwf f−1uf , which implies that
uf fwf f
−1 is an idempotent of T . Since the identity is the only non-zero
idempotent of T , it follows that for each f the idempotent uf fwf f−1 is
either 0 or 1. By (3), there is exactly one f ∈ S such that this idempotent
is 1; i.e., there is exactly one f such that uf = 0.
We can now prove that main result of this paper. This theorem shows
that (NP) is determined by the ﬁnite normal subgroups of the group in
question.
Theorem 1.4 (Representation Theorem). Let G be a group and u ∈
1G. Then there exists a ﬁnite normal subgroup N of G so that u = gw
for some g ∈ G and w ∈ N . Moreover, w induces an automorphism ϕ of
order a divisor of 2N. In case N is odd, then ϕ is inner on G.
Proof. Let X = suppu. To prove the result we may assume that 1 ∈ X.
Hence, because of Lemma 1.1, X ⊆ G. Therefore X has only ﬁnitely
many conjugates in G and thus X ⊆ H, with H a ﬁnitely generated normal
subgroup of G contained in G. In particular, H is a ﬁnitely generated
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F.C.-group. Hence N = T H is a ﬁnite invariant subgroup of H and H/N
is free abelian and thus ordered. Since u ∈ 1H, Lemma 1.3 implies
that u = hw for some h ∈ H and w ∈ N . As N is normal in G this shows
the desired presentation for u.
By Krempa’s result there exists a g0 ∈ G so that g−10 w2 = w∗w. Clearly
g0 ∈ N and induces the same automorphism as w2. Hence the automor-
phism ϕ induced by w has order a divisor of 2N.
For the last part, assume furthermore that N is odd. By the
Jackowski–Marciniak result we get that w = g1v with g1 ∈ N and v ∈
1N. It is now sufﬁcient to show that the automorphism ψ induced
by v is an inner automorphism on G. In fact for each g ∈ G there exists
φg ∈ N such that v−1gv = φgg. Hence v−NgvN = φgNg = g.
Since N is odd, we obtain that ψ has odd order. By Krempa’s result ψ2
is inner; hence it follows that ψ is inner.
Remark. We note that the proof of Lemma 1.3 and the ﬁrst part of
the proof of Theorem 1.4 remain valid for group rings RG with R a G-
adapted ring; that is, R is a commutative integral domain of characteristic
zero such that if p is prime number invertible in R then G has no p-torsion.
As in [15] it then easily follows that the automorphism of G induced by a
u ∈ 1RGG preserves the conjugacy classes of G. Hence, this answers
afﬁrmatively a question posed in [15, p. 180] in the case where R is G-
adapted.
The following corollary was also proved by Mazur in [15] when the group
considered is a ﬁnitely generated ﬁnite conjugate group.
Corollary 1.5. For any groupG, the groups1G/G and1/G
are embedded in the torsion free abelian group 1 ∩ 1+G/G ∩
+G and they all have the same torsion free rank. Furthermore,1G′ = G′.
Moreover, all these groups are ﬁnitely generated if+G is ﬁnite.
Proof. Because of Theorem 1.4 and Proposition 1.2 the map
f  1G/G→ 1/G  uG → uu∗G
is an injective group homomorphism and the image is contained in 1 ∩
1+G/G ∩ +G. Also if u ∈ 1 then f uG = u2G.
Hence 1/G is periodic (of exponent 2) modulo the image of f
and thus the torsion free abelian groups 1G/G and 1/G have
the same torsion free rank.
Since 1G/G is abelian we get that 1G′ ⊆ G. Now, for γ ∈
G, denote by γ¯ the natural image of γ in the commutative group ring
G/G′. So, 1 = 1G′ ⊆ G. Hence 1G′ ⊆ G′. It follows that
1G′ ⊆ G′.
If, moreover, +G is ﬁnite, then it is well known that 1+ is
ﬁnitely generated. Hence the last statement follows.
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Corollary 1.6. Let G be a group so that 1G and 1G are
ﬁnitely generated groups ( for example, if G is a ﬁnite group). Then
1G/GU1G
is an elementary abelian 2-group of rank at most the torsion free rank of
1G.
Proof. Let n be the torsion free rank of 1 and write 1 =
G × '1≤i≤nxi, a direct product with each xi non-periodic. Let H =
G1. Then H = G × '1≤i≤nxi. Since, by assumption, 1G is
ﬁnitely generated, we have by Krempa’s result that 1G/H is a ﬁnite
elementary abelian 2-group. Let α1 ∈ 1G and suppose that α1 ∈ H.
So α21 = gw ∈ H with w ∈ '1≤i≤nxi. We claim that w is not a square in
1. Indeed, if w = v2 with v a central element then α1v−12 = g ∈ G.
So, by Proposition 1.2, α1v−1 ∈ G and thus α1 ∈ H, a contradiction. This
proves the claim. Consequently, we may modify α1 such that α
2
1 = g1x1
for some g1 ∈ G. If Hα1 = 1G then let α2 ∈ 1G be so that
α2 ∈ Hα1. As in the previous argument, it follows that if α22 ∈ Gx1
then, again by some modiﬁcation, we may assume that also α22 ∈ Gx1. Since
α1α22 = α1α2 α1α1α22 and because α2 α1 ∈ G (by Corollary 1.5) we
get that α1α22 ∈ Gα21α22 = Gx21. So, again as before, we obtain that α1α2 ∈
Hx1 and thus α2 ∈ Hα1, a contradiction. Hence α22 ∈ Gx1. Con-
sequently, again by some modiﬁcation, we may assume that α22 = g2x2 for
some g2 ∈ G. Continuing this reasoning we ﬁnd α1     αm, with 0 ≤ m ≤ n
so that α2i = gixi, for some gi ∈ G, and 1G = Hα1     αm. It fol-
lows that 1G/H is an elementary abelian 2-group of rank m.
The following is an obvious consequence of Corollary 1.5.
Corollary 1.7. Let G be an arbitrary group. Then, the following condi-
tions are equivalent:
(1) 1G = G;
(2) 1G = G—that is, all central units are trivial;
(3) all units in +G that are central are trivial.
Note that the equivalence of (2) and (3) is already shown in [6] (see
also [16]).
We ﬁnish this section with a consequence on hypercentral units in
1G. By nH we denote the nth centre of a group H and by Z˜H
we denote the hypercentral units, that is, the subgroup
⋃
nn1H.
As in [10] one notes that the second centre 21G is con-
tained in the normalizer 1G for any group G generated by peri-
odic elements. If furthermore G = 1, then it easily follows that
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21G = 11G. This was also shown by Li in [10] when the
group G is periodic, and actually he also showed that for periodic groups
the hypercentral units in 1G are trivial if all central units in G are
trivial. We now prove this result for arbitrary groups.
Proposition 1.8. Let G be a group. If 1G = G, then
Z˜1G ⊆ G.
Proof. By Corollary 1.7, the assumption 1G = G is
equivalent with 1G = G. The hypothesis also easily implies that
21G ⊆ 1G. So 21G ⊆ G. Suppose now that
n1G ⊆ G, for some positive integer n. Let now α ∈ n+11G.
Then, for any g ∈ G α g ∈ n1G ⊆ G. Thus, αgα−1 ∈ G for any
g ∈ G. Therefore α ∈ 1G = G. This proves the result.
2. GROUPS SATISFYING THE NORMALIZER CONDITION
In this section we prove that the normalizer problem holds for sev-
eral classes of groups. Clearly, Theorem 1.4 immediately implies that the
Jackowski–Marciniak result on ﬁnite groups of odd order remains valid for
arbitrary groups.
Theorem 2.1. Let G be any group. If +G has no 2-torsion then (NP)
holds for G.
Theorem 2.2. Let G be a torsion group. If the 2-elements of G form a
normal subgroup then (NP) holds for G.
Proof. Because of Theorem 1.4 it is sufﬁcient to show that if ω ∈
1G ∩ N , with N a ﬁnite normal subgroup of G, then ω ∈ GG.
Because of the assumption the 2-elements form a normal subgroup S of G.
Hence, by Coleman’s result there exists g0 ∈ N so that v = g0ω acts trivially
on S. Since v ∈ 1G ∩1N, it follows that vG ⊆ N . Let ϕ = ϕv,
the conjugation by the element v. Then ϕ is the identity when restricted
to S. Thus, for every g ∈ G and x ∈ S we have g−1xg = ϕg−1xg =
ϕg−1xϕg. Hence, for every g ∈ G,
ρg = ϕgg−1 ∈ GS (4)
By Krempa’s result we know that ϕ2 = ϕg1 , for some g1 ∈ G. Since G is
torsion it follows that ϕ2, and thus ϕ have ﬁnite order. Again, by Krempa’s
result, we may also assume that the order of ϕ is a power of 2 (note that still
ϕS is the identity). Let ϕ¯  G/S → G/S be the natural mapping induced
by ϕ. Since G/S does not have 2-torsion we know from Theorem 2.1 that
ϕ¯ is an inner automorphism on G = G/S. So ϕ¯ = ϕg¯ for some g¯ ∈ G
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and g¯2
n ∈ G. Since G has no 2-torsion it follows that g¯ ∈ G. Hence
ϕ¯ = 1. It follows ρg ∈ S, for every g ∈ G. Hence by (1),
ρg ∈ S
for every g ∈ G. But ρg = v g ∈ N . So we obtain a derivation
ρ  G→ A = S ∩N
with A a ﬁnite abelian group and ρS = 1. Let M = GN. Then G M
is ﬁnite and ρg = g for all g ∈M . So ϕSM is the identity on the normal
subgroup SM. Now H = G/SM is a ﬁnite 2′-group and we obtain a
natural induced derivation
ρ¯  H → A
Since H and A are relatively prime it is well known that H1HA = 0
(see, for example, [18]). Consequently, there exists y ∈ G so that
ρ¯g = ϕgg−1 = y g = ygy−1g−1 for all g ∈ G. Therefore ϕ = ϕy , as
desired.
Proposition 2.3. Let G be a ﬁnitely generated nilpotent group with ﬁnite
normal subgroup N . If u ∈ G is a unit normalizing G and suppu ⊆ N ,
then there exists g0 ∈ N such that ug−10 is central in G.
Proof. Let H be a torsion free normal subgroup of ﬁnite index in G.
For any subset S of G we denote by S the natural image of S in G/H. As
G is a ﬁnite nilpotent group, Coleman’s result yields the existence of an
element g0 ∈ N so that v¯ = ug−10 is central in G. Hence, for any g ∈ G,
the commutator v g belongs to the torsion subgroup T G of G. Because
the natural map G→ G is injective on T G we obtain that v g = 1 for
any g ∈ G. So, v is central.
We can now give a complete and satisfactory generalization of a result,
ﬁrst proved by Coleman for ﬁnite nilpotent groups.
Theorem 2.4. Let G be a locally nilpotent group. Then (NP) holds for G.
Proof. Let u ∈ 1G. Using the representation theorem, write u = gw
with g ∈ G and suppw ⊆ NN a ﬁnite normal subgroup of G. Let H be
the centraliser of N in G. Then H is normal and of ﬁnite index in G.
Choose a transversal g1     gn of H in G and let G0 = Ng1     gn.
Since G is locally nilpotent we have that G0 is a ﬁnitely generated nilpotent
group. Hence, by Proposition 2.3, there exists g0 ∈ N such that v = wg−10
is central in G0. As suppv ⊆ N we also know that v commutes with all
elements of H. So v is central in G. So the result follows.
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We ﬁnish with two results that in some sense give an induction argument
in proving (NP).
Theorem 2.5. Let G be a ﬁnite group and suppose that the Fitting sub-
group F of G has odd order and contains its centralizer in G. Then any auto-
morphism φ of G which induces the identity on F has odd order. In particular
if φ is induced by a unit in  1G then φ is inner.
In particular let π be the set of prime divisors of F  and suppose that G is
π-separable. Then the conclusions of the theorem hold.
Proof. Let g ∈ G and x ∈ F . Then g−1xg = φg−1xg = φg−1xφg.
Hence φgg−1 centralizes F . So by the assumption, φgg−1 ∈ F . Hence
for all g ∈ Gφg = ψgg with ψg ∈ F. Let n = expF. Then
φng = ψgng = g. So the order of φ divides n and hence is odd. If,
furthermore, φ is induced by a unit, Krempa’s result implies that φ is then
inner on G.
If G is π-separable then, by [2, VI.3.2], F contains its centralizer in G
and so the ﬁrst part applies.
Proposition 2.6. Let G be a group. Suppose N is a subgroup so that
G′ ∩N = 1. If G/N satisﬁes (NP) then G satisﬁes (NP).
Proof. Let u ∈ 1G. Again by Theorem 1.4, write u = wg for some
g ∈ G and w ∈ N for some ﬁnite normal subgroup N of G. Let π  G→
G/N denote the natural homomorphism. Since, by assumption, G/N
satisﬁes the normalizer problem and because β = πw normalizes G/N ,
we get that β = πxv, for some central element v in G/N and x ∈ G.
We claim that z = wx−1 is central in G. Indeed, for any g ∈ Gπz g =
πz πg = πwπx−1 πg = πxvπx−1 πg = v πg =
1. So z g ∈ N . On the other hand, as G/G′ is commutative and
z g ∈ G we get that z g ∈ G′. Since by assumption G′ ∩ N = 1,
we obtain that z g = 1 for any g ∈ G. Hence, u ∈ G1G, as
desired.
We now apply this method to show that (NP) holds for any F.C. group
G for which G′ is a p-group. If, furthermore, G is ﬁnitely generated, then
this result was obtained by Mazur in [15] (even for group rings over G-
adapted rings). This result again shows the strength of our representation
theorem. Mazur had to impose the ﬁnitely generated hypothesis because
his representation theorem is weaker than ours.
Corollary 2.7. The condition (NP) holds for any F.C. group G with G′
a p-group.
Proof. Since G is an F.C. group there exists a torsion free subgroup N
so that G/N is periodic. Because G′ is a p-group, G contains a normal
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Sylow p-subgroup P . Let ϕ be the automorphism induced by a unit u ∈
1G. We have to prove that ϕ is an inner automorphism on G. Because
of Theorem 1.4 and Coleman and Krempa’ s results, we may assume that ϕ
has ﬁnite order a power of 2 and ϕP = 1P . Since G/P is abelian, ϕ induces
the identity on G/P . Hence, for any g ∈ Gϕg = φgg with φg ∈ P .
Because ϕ is a 2-element, each φg is also a 2-element and hence p = 2.
So G/N is a periodic group with a normal Sylow 2-subgroup. Hence by
Theorem 2.2, (NP) holds for the group G/N; and thus the result follows
from Proposition 2.6.
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